The evolution of the intensity profile of transversely excited atmospheric CO 2 laser pulses is investigated within the intensity moment formalism. The beam quality factor M 2 is used to study the mode evolution. Attention is focused on the influence of both the gas mixture (N 2 :CO 2 :He) and the diameter of an intracavity diaphragm placed to attenuate higher-order modes. The degree of accuracy that can be attained by approximating the laser field amplitude by means of the lower-order terms of a Hermite-Gauss expansion is also analyzed. In particular, a bound for the truncation error is given in terms of two time-resolved spatial parameters, namely the beam width and the M 2 parameter.
INTRODUCTION
In the past decade, increasing efforts have been devoted to characterizing the spatial behavior of light fields. The transversal structure of a beam has been represented by means of merit figures and overall parameters. Among the different proposals, the description based on the socalled intensity moments of the beam [1] [2] [3] [4] [5] [6] appears at present to be the most satisfactory one, and it has been adopted to rigorously define a number of International Organization for Standardization standards for continuous-wave beams. 7 However, the time-varying aspects of transversal profiles of laser pulses have been considered in only a few papers in recent years. [8] [9] [10] [11] [12] More specifically, the evolution of the spatial profile of transversely excited atmospheric (TEA) CO 2 laser pulses along the pulse duration was recently investigated 13, 14 within the so-called intensitymoment formalism. Attention was concentrated on the time evolution of the transversal modes in the laser cavity. More specifically, the studies were concerned mainly with both the instant at which the presence of a particular mode begins to be significant and the time interval during which such a pulse grows to reach a quasistationary intensity profile. In this connection, the timevarying beam-quality factor M 2 has been revealed to be a useful tool in investigating the mode evolution. 14 In the present paper we proceed further with this research. Thus after describing in Section 2 the experimental setup used in the measurements, in Section 3 we investigate, for the pulses emitted by TEA CO 2 laser devices, the influence of the gas mixture (N 2 :CO 2 :He) as well as the dependence on the size of an intracavity diaphragm used to attenuate higher-order modes. In Section 4 the degree of accuracy that can be reached by approximating the instantaneous laser field by means of lower-order terms of a Hermite-Gauss expansion is evaluated as a function of two time-resolved spatial parameters, namely, the beam width (at the waist plane) and the beam-quality factor M 2 (demonstrations are given in Appendix A). Finally, the main results are summarized in the concluding Section 5.
EXPERIMENTAL SETUP AND BASIC DEFINITIONS
The laser device and the experimental arrangement used for the measurements (see Fig. 1 ) have been detailed elsewhere, 14 so here we will limit ourselves to a short description.
The laser resonator is half-symmetric, with a curved mirror (radius of curvature 10 m) and a flat output mirror separated 1120 mm. A Brewster plate is placed inside the cavity to get a linearly polarized beam. To study the evolution of the beam parameters, we create time slices of 10 ns (much shorter than the complete pulse duration of approximately 2-3 s) by means of an electro-optical switching device based on a CdTe crystal and a polarizer. The slice width is controlled by the length of the coaxial forming cable that connects a spark gap with the highvoltage charge resistor. The spark gap is used to trigger the system by collecting some deflected light from the polarizer. The relative position of the time slice within the laser pulse is defined by the length of the delay cable between the spark gap and the switching device. Finally, the ensemble pyroelectric camera (Spiricon PYROCAM I), the laser beam analyzer, and the computer measure the beam width averaged during each time slice, i.e.,
where f denotes the field amplitude at plane z 0 , ⌬t Ӎ 10 ns represents the FWHM temporal thickness of the time slice at time t 0 , and 1. d ϭ 9 mm. In this case the transversal structure of the pulse is nearly Gaussian, and no actual evolution occurs. The intensity profile remains constant along the pulse [see Fig. 3(a) ].
2. d ϭ 10 mm. There is now only one mode at the leading edge of the pulse (t 0 Շ 100 ns), and its spatial structure is almost Gaussian. It should be noted that in the present work, we associate the term ''modes'' with definite spatial structures of the laser field within the loaded resonator. The existence of different modes would then indicate the presence of different transversal-mode resonance frequencies, as confirmed from the mode beating generated by heterodyne interference experiments. In the transition interval (100 Շ t 0 Շ 500 ns), the M 2 factor increases smoothly, a second mode grows, and the transversal profile of any time slice is no longer Gaussian. Finally, at the rear edge of the pulse (t 0 տ 500 ns), the beam profile exhibits a depleted-center intensity structure [see Fig. 3(b) ], which is maintained nearly constant during the rest of the pulse.
3. d ϭ 11 mm. In this case only two regions can be clearly observed in the s-shaped curve for the M 2 parameter: As soon as the pulse begins to be detected, two modes begin to grow, competing with each other, and the quasi-stationary spatial behavior is reached at t 0 ϳ 400 ns.
The intensity profile shows a nearly doughnut-shaped structure [see Fig. 3 
(c)].
We want to emphasize the critical influence of diffraction in the spatial structure formation for values of the diaphragm diameter higher than 9 mm.
The above three cases summarize the different types of evolution that can be observed in this kind of pulse: For values of d lower than 9 mm, the beam-quality factor, and consequently the transversal profile of the pulse, remains constant. In contrast, for d higher than 11 mm, the M 2 parameter begins to deteriorate from the beginning of the pulse. In the limit case where no intracavity diaphragm is placed inside the laser cavity, the transversal profile of any time slice shows the chaotic spatial behavior plotted in Fig. 4 . This behavior is due to the presence of an exceedingly high number of transversal modes caused by the significant reduction of the boundary diffraction.
B. Influence of the Gas Mixture
In Fig )] is compared. Diaphragm diameter was d ϭ 11 mm. The behavior of the time-resolved M 2 parameter in both cases is plotted in Fig. 6 . As is quite apparent from this figure, a higher presence of CO 2 increases the laser output power, but the cost to be paid is a faster beam-quality degradation. Furthermore, we see that higher-order modes begin to grow even during the gain-switch peak of the pulse. In contrast, when the CO 2 concentration decreases in the gas mixture, higher-order modes require supplementary time to grow. It could be said that the appearance of such modes is delayed with respect to the former case. In fact, the transversal profile of the time slices remains nearly Gaussian at the leading edge of the pulse (t 0 Շ 200 ns). In this case, Fig. 6 also reveals that higher-order modes begin to be significant after the complete gain-switch peak.
It is important to note that the time origin of the curves plotted in Fig. 6 has been chosen as the moment when the pulses are strong enough to be detected by the photondrag detector over the noise level. Figure 7 shows that with respect to the instant that the pumping discharge begins (which can be considered as the absolute time reference), the cavity takes more time to start lasing when the presence of CO 2 decreases, as expected. In the present case, the delay approaches 200 ns.
TRUNCATION ERROR IN THE HERMITE-GAUSS EXPANSION OF THE TIME-RESOLVED LASER AMPLITUDE
As is well known, the laser beam amplitude can be expressed formally as a superposition of Hermite-Gauss functions. At the waist plane, we can write
where f(x, y, t) represents the field amplitude, transversal to the propagation direction (z axis), associated with a fixed but arbitrary time slice; c nm are constant coefficients ( for each t); and u p denotes the Hermite-Gauss functions,
where ␤ p is a constant, H p is the Hermite polynomial of order p and ␥ is another constant, which will be specified later.
In general, an infinite number of terms of the series that appears in Eq. (4) is required to exactly fit the laser field f(x, y, t). In practice, however, only a finite (and frequently small) number of Hermite-Gauss functions contribute in a significant way to the field amplitude. In the present section we will determine the highest order of the Hermite-Gauss functions that we need to compute in order to reproduce the exact (but, a priori, unknown) laser amplitude with a given accuracy. The results are expressed in terms of measurable spatial parameters of the beam and will be applied to the pulses considered in Section 3.
Let us then approach the exact field f(x, y, t) by means of the approximate field f N (x, y, t) given by
The truncation of the infinite series that gives the exact field involves a relative error ⑀ defined as follows:
where ⌬t is the temporal width of the time slice (at t 0 ) that we have chosen. The value of ⑀ can be regarded as the (overall) degree of accuracy of the approach. It will be useful to introduce the following coefficients:
In terms of such coefficients we have
Taking this into account, the truncation error ⑀(t 0 ) becomes
where C ab cd are the normalized C ab cd , i.e.,
Let us now assume, for the sake of simplicity, that the values of the (time-resolved) beam size at the waist, 
where
Relation (13) establishes, in a quantitative way, a bound for the truncation error in terms of measurable spatial parameters. Note that the values of ͗x 2 ͘ w and M 2 depend on the time slice that we are considering. Accordingly, for a fixed ⑀, the value of N would also depend on the selected time slice.
On the other hand, the constant ␥ that appears in Eq. (14) has not yet been fixed. Frequently ␥ is inferred from the geometry of the empty cavity and remains constant along the pulse duration. However, this is not the only possible choice. In fact, it is also shown in Appendix A that the truncation error is minimized by choosing ␥ to be that of the so-called embedded Gaussian beam 4, 15, 16 associated to the field f at time t 0 . In other words, the value of ␥ min that minimizes the truncation error reads
where ␥ min is now a function of time. Relation (13) then becomes
which closely resembles the expression obtained for a Laguerre-Gauss expansion of axially symmetric beams. 17 Some important differences should, however, be noted with respect to the Laguerre-Gauss case. In that case, the calculations apply for continuous-wave laser beams, so that ⑀, N, and M are time invariant. Furthermore, the value of N is directly associated with the number of terms, N ϩ 1, of the Laguerre-Gauss series. In the present paper, however, for a fixed value of the truncation error, the parameter M 2 and, consequently, N, depend on time. Moreover, N provides the highest order of the Hermite-Gauss functions that we should combine to approach the transversal field at each time slice with the prescribed overall accuracy. Accordingly, if, for example, N ϭ 1, the truncated Hermite-Gauss series would contain four terms, namely, u 0 (x)u 0 ( y), u 0 (x)u 1 ( y), u 1 (x)u 0 ( y), and u 1 (x)u 1 ( y), whereas the finite Laguerre-Gauss expansion would handle only two terms, associated with the Laguerre-Gauss polynomials L 0 0 and
As a general consequence from relation (16), it follows immediately that for a fixed ⑀, N must increase as the beam quality deteriorates (M 2 increase). Concerning the pulses that we have considered in the present work, the application of relation (16) is synthesized by the dashed horizontal lines of Figs. 2 and 6 , where we have considered ⑀(t 0 ) Ͻ 10% in all the cases. The respective values of N refer to those regions of the pulse evolution whose beam-quality factor lies under the corresponding horizontal line. In particular, N ϭ 1 when the diameter of the intracavity diaphragm is lower than 9 mm ( for a truncation error lower than 5%). To obtain the same accuracy at the leading edge of the pulses when M 2 Ͻ 1.2 ( for the apertures and the gas mixtures that we have analyzed), we would need N ϭ 2. Finally, at the rear edge of the pulses where M 2 ϳ 2, we have to consider N ϭ 5 for a relative error ⑀ lower than 10%. Fig. 6 . Evolution of the M 2 factor along the pulse duration for two gas mixtures. As in Fig. 2 , N refers to those regions of the curve whose M 2 factor lies under the corresponding horizontal line. Diaphragm diameter was d ϭ 11 mm. In (a) and (c) the pulse power associated with each gas mixture is plotted for time reference. Fig. 7 . Evolution of the power (in arbitrary units) of the synchronized pulses (dotted and dashed curves) for two gas mixtures. The current of the pumping discharge is also plotted (solid curve) for time reference.
CONCLUSIONS
The second-order intensity moments have been shown to be useful in analyzing the growing process and evolution of the modes for the pulses emitted by TEA CO 2 laser devices. In particular, from the measurement of the timeresolved M 2 factor, it can be concluded that 1. The influence of diffraction on the evolution of the transversal spatial structure of the pulse exhibits a critical behavior when the diameter of the intracavity diaphragm closely approaches a certain value (d ϭ 9 mm).
2. Higher-order modes require supplementary time to grow as long as diffraction losses increase (d decreases). In the lower limit (d → 0) only the fundamental mode would appear. On the other hand, if no diaphragm is placed inside the cavity (high Fresnel number case), the pulse exhibits a chaotic spatial structure at any point in time.
3. A higher concentration of CO 2 in the gas mixture (higher laser output power) generates a faster beamquality degradation, owing to the fact that higher-order modes begin to grow from the beginning of the pulse.
4. The highest order of the Hermite-Gauss functions that contribute significantly to the time-resolved laser amplitude can be determined in a simple way. The truncated Hermite-Gauss series could then be used as a suitable trial function to reduce time-consuming computations, such as those required to numerically solve the Maxwell-Bloch equations governing the dynamics of the laser emission. 18 This problem deserves further study.
APPENDIX A
To demonstrate relation (13) let us first remark that at each time slice defined by t 0 the second-order intensity moments (in the x variable) of the laser field f(x, y, t) are the same as those of a field whose correlation function is
Taking this into account as well as the recurrence properties of the Hermite-Gauss functions and their derivatives, 19 it can be shown in a way similar to that used in Ref. 20 that the following relations hold for the laser amplitude f: 
and the subscript x in the M 2 factor indicates that we are considering the x axis. It should be noted that Eq. (A6) applies because we are considering the waist plane. From these equations we have
If we now consider the intensity moments in the y variable and follow a procedure analogous to that used to get the above equation, we obtain
and the bidimensional M y 2 factor is associated with the y variable. Let us now assume, for simplicity, that ͗x 2 ͘ w ϭ ͗ y 2 ͘ w and M x 2 ϭ M y 2 ϭ M 2 , as occurs frequently in practice (the results can be generalized to an arbitrary case in a straightforward way). Taking this into account, since
we can write Let us now show that the value of ␥ that minimizes ⑀ is given by Eq. (15) . Starting from relation (13), the condition
